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Overview

Spider diagrams: & S0 MLE
examples what and win.
& Ewarmining models of
Logical guestions: MLE.
reasoning and
REprEsieneLs, ® Mode| chsses as spider
diagrarms.
Equivalences, and the role
of negation. & MLE to 50
Moradic first-order logic. * Surnrning up.

Spider diagrams

& [pscrise sets, their membership

C'

and intermelaticns.

The abnence of a zone means
that it is erngty: ez ane.

-
& Shading rmoeans that a zone

_,.-'"'-C cortaing no rmore elements than

indicated [usper Bmit).

# A spider repriesent an element at
are of i feet.




Spider diagrams

@\b & 5 containg at least one alermert,

C-_H\:Il'\_‘__f__)" & a-b containsg at most ocne

elament.

& alc, b are empty.

Unitary spider diagrams

& Pwery unitary spides diagram is
satisfiable. For example;

b
s a={1,23}b={23}c = {45}

C-_ﬂ\":lll\n_-r‘j & Minirral models can be resd off
_c

from the diagrarm.

# g=bh={lLhe={L

& a={lLbk=c={L

General spider diagrams

a | &
b| ™| (ks

~)| | <D

® Combine uritary dizgrarms with A0 fand =)




General spider diagrams

® Mot all spider diagrars ane satisfiable,

Why spider diagrams!?

& |mproverment onYenn
dzprams, which guickly
become unreadable

because all 27 zones need

to be showr

& Lseful in visaal
description of set-
theoretic constramnts,
such as those that aoply
in 20 modelling.

& Very pleasant logical

propertes.
Intuitive.

A case study for more
cormiplicated visual
representations, of
constructs like 3 and .

Logical questions

Wihich diagrarms are
satisbable (ie. true in
gorme rmodaly’

¥hich diagrams are valid
[i.e. trwe in all modeds)!

ls there 2 notion of
logical eguivalence
butween pairs of

dieeprams?

Is there a notion of
lepical conteguence!

What properties do
euivalence and
consequence fave!

W't can be expressed
uging spider diagrarms!?




Logical equivalences

& Splitting spiders: remove ® A shaded empty zone can
the disjunction imalicit in e added to ar removed
a spider, and turn it irto from the diagram.

an explicit dispunction.
L 1
& Adding 2 contour:a
tortour Sun be added,
wiith varous adjustments,

Splitting spiders

& Splitting spiders: remove the disjunction implicit in a2 spider, and
turn it into an explicit disjunction.

Adding a contour

I
o

& A contour can be added, with 2l approorizte intersections.

® Spider fwet need to be feplicated over ary new zopes created,




Shaded empty zones

o) XD

& A non-esastent zone can e reploed by a shaded empty rone,
and wice versa,

Why not !

# [emation isa derived operator

b ® a-b contains exactly one

elament.

# pogation: a-b contains 0, or 34 .

Why not —?

2 o i i

® For a general saides disgram, split all spiders into disjunctions of
ol-disgrams, where sach saider has ane foot

& Then use de Morgan’s laws repeatedly to push all pegations
imwards to the o-digrams and negate as abowe.




Expressiveness

® Wyhat can be expressed
by means of sgider
diiagrams?

& Can wae find 2 more
traditional, non visual,
logical system which bas
the same sxpresshe

froeg 0 g

® Helate systems by

tramslation from one
system to another. ..

... o by showing how
the models of the
formulas of the teo
systems are related.

Monadic logic (MLE)

& A monad i 2 single unit.

predicates only

® Aromic formuks:
Plx), x=y

Moradic logic: one-plce

% Progositional

cormbinations:
FaG, PG, F==G, -F

& Duansifications:

d=FwxF

Spider diagrams to MLE

& Fach contour is a
pridicate,

& Pnough to translate o-
diprams ... the rest is
logical combination.

& Missing rones: state that
there's no elernent.

& Spiclers distincs spiders

arp dntinct elermeants; not
the usual rule for 3.

Shaded areas: exgross the
upger bound bere using

the ' quantifies,




Example:

SD to MLE

. . (Alx]) A —Blx) A
Al A Byl Ax #F )

S (A=) A Bix) A

i ((Aly) A Bly)) = »=y)

= dx. [Ax) A Bix))

SD

& The translation shows
that spider diagrams are
no Mmore expressive than
MLE, so 50 © MLE.

& MLE L SD?

MLE ?

& Ancther route: look at
the sets of models for
MLE forrmulas and for
spider degrams.

& e mechanism is to give
a trarslation from MLE to

500 ... no abvious way of

doang this.

MLE: first key insight

® [ pested guartiliers
introduce N rames.

& A capterce of the

& Exarmples:

® dx dy (Alx) A SBa) A
Ayl A -Blyl A xE )

farrn O i .. Onene F

can talk abouwt ak most

M indiwdualic ®), K,
Kh.

& Llsing =" these x;,
%1, .. ®rdcan Be rmade
distance

o oo (AR A BYx) A

Wy ((Ady) A By = x=y)

& = [-Ax) A B




MLE: second key insight

& A structure M for a
sentence using ... P is /
characterized by the sets Fi 1 =k

M{X) = A{MP | GEX) |
PSR, | X \'\ B R
\

where X ranges over

subsets of {11 .. kL \ -F.y

& ¥ ranges over all the
possible combinations
of Pt P

Hypothesis

& MLE formulas irmvolving & Models of MLE lormulas
Pi. Py, ..., Pu have the effect are gither small or lorge,
of describing wach of the i, larger than N.2".
2% roapions gheen by a
chodoe of X o {l ..... 1:' - ||'hrE_|-_l-l:_'1|:-|| can adkd

slerments to all large
regions and remain a

& MLE formulas involving del
rradel,

guantifier nesting N cn
cortral the size of MX)
ta ke 0, 1,2, . M-l 2K

Definition

Two structures M and Mz are similar with
respect to the sentence 5, with quantifier

nesting N and using predicates P, Py, .. Py, iff
for all X € P{{1.2, .. K}),
Mi(X) = Ma(X) or |[Mi(X) N Ma(X)| 2 N

for all X.Y € P({12, ... k}), X£Y
MIX) nMY) =2




Result

If M and Mz are similar with respect to the
sentence 5, then for any subformula G of 5
and assignment to the free variables of G of
values in Ui N,

M medels G if and only if Mz models G.

Proof: by induction on the structure of G.

Proof sketch

The crucial case: when G has the form Jx.H.

There's witness @ for H lying in Mi(X).
If M(X) is small; g is also a witness in Ma.
If Mi(X) is large, and a in Uz, we're done.

If a not in Uz, can pick an unmentioned b in
M2(X), and argue that b is itself a witness in
Ma. by automarphism argument.

Spider diagram models

This zone has upper
and lower limits on its
size.

This zone has no
limits on its size.

This zone has a lower
limit on its size.




Models of MLE formulas

® Models of MLE formulas are either smail or
large, i.e. larger than N.2"

® [f large, then can add elements to all large
regions and remain a model.

MLE € SD

® Represent each small model as a fully shaded
unitary 5D.

® Represent each (minimal) large model as a
unitary S0 with shading in small regions.

® Disjunction of these gives the representing
spider diagram.

Constructive?

® Yes:run through all the petental small and
minimal large models, checking whether they
are indeed models.

® No: not in the sense that there's a direct,
syntactic algorithm geing from MLE
sentences to spider diagrams.




Refinements

® Can make the representing 5D substantially
smaller by applying spider-creating rules, and
coalescing small and large models when
possible.

Commentary

® |ike a quantifier elimination precedure, but
not quite the same.

® QE procedure can be used directly on ML
formulas; doesn't seem to generalise to MLE.

Conclusion

& Spider diagrams give an ® | pss obviously. all MLE
attractnes, intuitive sertencey can be
represertation of represented by spider
properties of spts and diagrarms.

their elements.
& The groof of this goes via

& Spider diagrarms are an analysis of the class of
obvicusly sxarmales of models of MLE
gsapteptes in monadic sertencey, and thus toa
first-ordes logic with set of 808 charactorising

poquality. the model class,




