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Abstract

Proofs of the mathematical foundations and propositions and theorems stated and used in
(Kriener and King, 2011).



1 Introduction

In (Kriener and King, 2011) we present a determinacy inference for Prolog including cut. This
inference is developed in as a static analysis, comprising of a number of concrete semantics and
abstractions thereof. Three theorems and a number of propositions formalise the connections that
hold between these. We present here formal justification for the mathematical backdrop used in
(Kriener and King, 2011), as well as proofs of the propositions and theorems stated there.

2 Appendix - Proofs

2.1 Con},, is a complete lattice

2.1.1 Relation on Conﬁeq is a partial order

The relation is reflexive: © C 6

Observe that : VO € Conﬁeq(@ Crw ONO € Sub@)
hence VO € C’Onﬁeq(é C é)

by selecting ® = ©

The relation is transitive: @1 C @2 A
Y61, 65,63 € Contey((61 C @2 ABy C é
let ‘®1| = l |@2’ =Tm, |@3’
I<m<n

((:)1 C 62) — 351 S S’ubl( 2
(6, C @3) — 3@2 € Sub,, (0
since @2 Cpw <I>2 and E|<I> €
Subl(<I>2) g Subl(@g)

hence 353 € Subl(ég)(él gpw 53)
therefore él C @)3

)( _1) pw _’_1’
3) (9 _igpw_fDQ) . . .
Su bl(@Q (©1 Cpw (I)l) : E|<I)3 S Subl(q)g) (@ Cpw (1)3)
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M
91
1

91
1

@
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The relation is anti-symmetric: Vél, ég e C’onsieq(@) C é
let \@1| =m, \®2| =n

(@1 C @2) — 3<I>1 € Sub,, (@2) such that ©, Cpw (I>1
(@2 C @1) — 3®y € Sub, (@1) such that O, Cpuw Dy
|®1| = m and |B1] < n hence m < n

|®s| = n and |By| < m hence n < m

hence m=mn (by anti — symmetry of <)

hence <I>1 62 and @2 @1

hence @1 Cpw 92 and @2 Cpw @1

therefore

6, = 6, (by anti — symmetry of C,y)

2.1.2 The meet of two sequences is unique and therefore well defined:

First note that by the definition of 1M, ONPCOandOMNTLC V.
Then show: VO, ¥, T" € Consieq :TCOATCUY-TLC(OMNY)



‘_:" :_‘71, |‘I7L: m, ‘f‘ ik . .
I'ce - 30, ¢ Subk(@)(f‘ gpw @1)
FCU— 30, € Sub(V).(T Cpy 1)

61 =k, W] =k o

assume (without loss of generality): n > m, then: [ONVY[ =1, [ <m
smcel“l:@andFElIl k<m(andk<n)

since T pr 6, and T Cpw U, T - (@1 Npw \111)

hence T' C (@1 Npw \Ill)

(U1 € Suby(¥)) — (¥, C )

(61 € Sub(©)) = (61 £ 6)

(@1 Npuw \1/1) e{XNp ¥, | X e Subk(@)} (since 6, € Suby(©))
(61 mpw \1’1) =pw Upw{X mpw \1’1 | X € SUbk(@)}

(note that smce I'ec Conseg, T does not. contain {false}

and since T Cpw (6)1 Npw Y1), 6, Npw U, does not contain {false}
hence (él Npw \171) = trim(él Npw \171))

2.2 Cut-normal form

We transform Prolog predicates that are defined by any number of clauses, none of which contains
a disjunction, into this form by constructing Gi, G2, Gz and Gy as follows:

G1: | If no clause precedes the clause containing the first cut, set Gj to
post(false).

Else, if a single clause precedes the clause containing the first cut,
set G1 to the body of this clause.

Otherwise, define an auxiliary predicate to wrap up all clauses
preceding the clause containing the first cut and set G to a call
to that predicate.

Go: | If there is no cut in the predicate, set G2 to post(false).

Else, if no atom precedes the first cut, set Ga to post(true).
Otherwise, set G2 to the compound goal before the first cut.




Gs: | If there is no cut in the predicate, set G3 to any goal, e.g.
post(true).

Else, if no goal follows the first cut, set G3 to post(true).

Else, if the compound goal following the first cut does not contain
another cut, set Gs to that goal.

Otherwise, define an auxiliary predicate to wrap up the compound
goal following the first cut and set Gs to a call to that predicate.

Gy: | If no clause follows the clause containing the first cut, set G4 to
post(false).

Else, if a single, cut-free clause follows the clause containing the
first cut, set G4 to the body of this clause.

Otherwise, define an auxiliary predicate to wrap up all clauses
following the clause containing the first cut and set Gy to a call
to that predicate.

2.3 Theorem 1: |J(Fs[G]ur0) € UBO) N S:[C]

Notice first that the following things hold:
U(F) € Utrim ()
{OUd)=1OU D
ene)=©nld
j*(@ @) (I’) = jﬂ(@) u3
FON®) CIFFO)N3I

Proof by induction on length of 6:

Base Case: © = |

U(FelGlurl) =U) =0

U nSelG] =0n Se[G] =0

Dco

therefore: |J(Fa[GJurl]) € U(]) N Se[G]

Induction Step: B .
Assume: J(Fe[Glup®) C UO) N Sc[G]
Show: J(Fe[Glup(©:0)) CUO©:0)N Se[GE]

Induction on structure of G:
Two base cases: (1) G = post(¢), (2) G = p(%)

(1) G = post(¢) . .

Assume: (J(Fg[post(¢)]up©) € U(O) N Sg[post(¢)]

Show: |J(Fa[post(¢)]urp(© : ©)) CU(O : ©) N Sgpost(¢)]
U(©:0) N Salpost)(¢)]

= (0N Sg[post(d)]) U (U(O) N Salpost(¢)])

=

= (©nKe}) U U(O) N Salpost(4)])



U(Fclpost(#)]ur(© : ©)) .
= U(trim({¢} N © : Fe[post(¢)]urO))
C U} n©: Folpost(¢)up6)
= ({o} N©) UU(Fglpost(¢)]upO
C (e} nO)u(U®O)N SG[[post(
therefore: |J(Fa[post(¢p)]ur(©

(2) G =p(7)

Assume (without loss of generahty) p(y) + Gi; Ga,!, Gg; Gy € P
Assume: |J(Felp(Z )]]up@) C UO) N Se[p(@)]

Show: U(Fe[p(#)]pr(©: 6)) CU© : ©) N Sep(@)]

Selp(@)]

( (7)) U (U(©) N Selp(@)])
= (0N py, @y(SHﬂp( ) v U©) N Selp@)])

= (©Npy.a35(By(Sc[Gi] U SelGa, Gs] U Sc[Gal)) U (U(O) N Selp(2)])
(
(

5)
) )
) € U(© : 6) N Sallpost(@)]
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© N lpy, gﬁ(SG[[Gl]]USG[[G27G3]]USG[[G4]])) (U( 5) N Se[p(@)])
O N (pg,z35(SclG1]) U lpya353(Sal Gz, Gs]) U lpy.#35(Sal Gal))

—

U (U(©) N Salp(@)])

= Ulpga35(e (0(D)) dpz32([0)) N O : Folp(@)]ub)
= (UUpz.35(n (p(#)) lpz 35([9])) n©) UUFelp(#)]n6)
= (UlogaT3 (B, (FelGiIulO") : 9))) 1 ©) UU(Felp(@)]16)

FelGslu[®] if FelGluO]=2: @

where ¥ = { FalGaul®) if FolGalul®] = [

and ©' = Jpz 73z(O)
To be on the safe side, consider the sequence resulting from appending both possibilities for \ff, the
union of which is certainly a superset of the above: .
€ (Ulpg,a35(13y (FelGrlul®] : FalGs]ul®] : Fa[Gaul€']))) N ©) UU(Falp(Z)]1O)

where ® : & = Fg[Ga]u[]
Again, changing this to include all, rather than only the first, possibilities for Fg[Ge]u[©'] will
result in a safe over-approximation, i.e. a superset of the above: C (\U(lpg.z35({3y(Fa[Gi]u[O'] :

FelGs](Fe[Go]plO) : Fa[Gau[O])) N O)

LUZelr()116) )
= Utlsa3s(Fal GO FolluFolGalulO) : FolGiluOD) N ) UU(Folp(@)]1d)
=<u<¢py$ 5 (FelGiIuO) : oy Iy Fal Galm Fol Galul®) - dog s35(FalCalule')

©) UU(Felp(2)]uO) B

:((U( 7.237(FalGrlulO') UUUpg.a35(Fel Gslm(Fa [ Glnl©)) U Upg.33(Fal Gal nl©)))
0) UU(Falp(#)]16) B

= ( **Hﬂ(U(}"G[[Gl]]M[ ') Ulpg.a35(U(FelGalu(FalGalulO)) U g a3 (U(Fal Gal u[O'))
0) UU(Falp(Z)]16)

since U(Fa[Gi]p[@©]) C Sa[Gi] Nn©’

and: U(Fe[G]u0']) € Sa[Ga] N O’

hence: U(fg[[Gg]]u(fg[[Gg]],u[@’])) - Sg[[Gg,]] N (Sg[[Gz]] N @/)

hence: U(Fo[Gslu(FolGalul®])) € (861651 N SalGol) N &



hence: |J(Fa[Gs]u(Fe[G2]un[©])) € Sa[Ga, Gs] N O’
and: U(fg[[Gz;]]M[@']) C SqlGs] N o 5
using these, therefore, the above superset of |J(Fg[p(Z)]up(© : ©)) is a subset of:

C(( gjfl (Sel[Gi] NO") U lpy s 730 7(Sal Gz, Gs] N ©") U lpy 235 (Sg[[G4]] Ne’))Nneo)
UU(Felp(@)]6) _ _ _

since: ©' = ipf ﬂE| ( ) the following holds: \Lp@gag(@,) = \Lpg,leg(ipg’gﬂf(@))
= \Bx( ) =

intersecting this With © therefore gives O itself: J,pg

737(0') N © = O distributing the projections
and collecting and intersection the occurrences of Jpy 735

7(©') and © above therefore gives:

C ((pg.a35(SclGi]) Ulpy.a35(SclGe, Gs]) U lpgz35(S [[G4]]))ﬁ@)UU(fG[[p(f)]]Mé)
€ ((pg.a35(SclGil) U oy, zﬂy(SG[[G% Gs]) Ulpg 35(Sc[Gal)) N ©)
U (U©) N Selp(@)])

Induction Step: G = G, G2

Assume: U(fg[[Gl, GQ]]MP@Z U( ) N Sg[[Gl, Ggﬂ

And: U(Fe[Gi]pp®) € U(®) N SalGh]

And: UlFelCalir®) € U1 Sl

Show: U(.Fg[[Gl, Ggﬂ,up( )) C U(@ : @) N Sg[[Gl, GQH

U©:6)N Sa[Gr, Ga]
(©NSa[Gr, Go]) U (U(O) N Se G, Ge)
(©NSelGi] N SelGe]) U (UO) N SelGr, Ga)

U(FelGr, Golup(©:0))
(FelGluFelGlu® : )
(FelGilu(® :©) N Se[Gs]
(©:6) N S6[G1] N Sc[Gal
(©:0)NSq[G1, Go]

S 1NN
cccc

3]
-

2.4 Theorem 2: For © € Con* and stratified P = PyU...U P,: © C Dg[G]op =
[ FelGlprO]] < 1.

2.4.1 Lemma 1: (Fg[G]ud)N¥ = Fa[Gu(6 N ¥)

Proof by nested induction on:

L p,
2. 16,
3. structure of G

1 Base Case: p = o .
Show: (Fg[G]u.r®)N¥ = Fe[Gpur (6N )

1.1 Base Case: © =[]
Show: (Fe[GluLl) NV = Fe[Glu([NP)
(DN =FelGluLll)



1.2 Induction Step: (O : ) ~
Assume: (Fg[H]p1©) NV = Fe[H]|p (06NF)
Show: (Fg[GJur(©:0))NTY = Fe[GluL((©:0)NT)

1.2.1 Two Base Cases: (1) G = post(¢), (2) G = p(Z)

(1) G = post(¢) B B
Show: (Fe[post(¢)]nL(0:©))N T = Felpost(4)[nL((© : ©) N )

(Falpost(@)]nL (@ : 6)) N = Falpost(@)u (0:6)n¥)
trim({¢} N © : Fgpost(¢)[u10) NV = Felpost(¢)]u (©NF) : (0N T))
(trim[{¢} N O] : trim(F¢[post(¢)]n1©)) N ¥

— rim({6) NON T : Falpost(d)] (61 W)
(trim[ {8} N 0] N W) : (trim(Fepost(@)]. ) N V)

= trim[{¢} N© N Y] : trim(Fg[post(d)|u (©NT))
by assumption:(F¢[post(¢)]u1©) N ¥ = Fe[post(d)]n1(© N W)
trim(Fg[post(¢)]ur©) NV = trim(Fg[post(d)]p (© N T))
trim({o} NO)NT = trim({¢o} NO N D)
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L (p() bz g32(© N ) NON T : Fop(@)]n (6N W)
Dnenv: Felp(@)]p (6NY)

[[p(ﬂ?)]]/u(@ nv) B
(D)]pL(0:6))NT = Fulp(@)]uL((©:6)NT)

s
D — e <
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=
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1.2.2 Induction Step: G :_’Gl, Go .

Assume: (Fe[Gi]p1(©:0))N¥ = Fe[Gi]pi((©:0)NT)
And: (Fg[Ga]pi(© :©)) nw = FalGlp ((©:0)NT) B
Show: (fGH:Gly GQ]]M}(@ : @)) NY = .F(;[[Gl, GQ]]/U_((@ : @) N \I/)
(FelGr, Galpr(©:0)) N

= (FolGolpr (Fo[Gi]pi (0 : 6))) N
= (FelGlpL(FelGi]pL(©: ©)) N T)
= FalGolui (FelGilui ((©:8) N )

= fg[[Gl, GQ]],ul((@ : @) N \I’)

2 Induction Step: p = pg+1
Assume: (Fe[H]pulA) NA = Fe[H]ps(ANA)



Show: (Fa[Glus10) N = F[Glups1(6 N T)
where p11 = Fp[P]p

2.1 Base Case: © = ||
Show: (Fe[Glppl]) NV = Fe[Glue ([ NE)
EH; N \I(I[]): Fal Gl (1))

2.2 Induction Step: © =(©: 0) .
Assume: (Fg[Glur10) NV = Fe[Glue1(ONY)
Show: (Fe[Glur+1(©: ©)) N¥ = Fg[Glur1((©: ©) NY)

2.2.1 Two Base Cases: (1) G = post(¢), (2) G = p(Z)
(1) G = post(9) ) )
Show: (Fg[post(®)]pk+1(0 : ©)) N W = Fepost(¢)]ur+1((© : ©) N ¥)

(Felpost(@)]s:1(0 : 6)) ¥ = Folpost(@ursn(0:6)nw)
trim({o} N© : Fglpost()ux+10) N ¥ = Fgpost(¢)]ur+1((©NT) : (O N T))
(trim[[{¢} N ©] : trim(F¢[post(d)|ux+10)) N

= trim({¢} NO NV : Felpost(¢)]pr+1(© NT))

(trim ({6} 1 ©) N1 V) : (trim(F[post(d)]i+10) N V)

— trim({6} 1O N W) : trim(Fopost()]ui1(6 N D))

by assumption: Fg [post(¢)]pr+10) NV = Fg[post(¢ ki1 (6 nw)

hence: trim(Fq[post(¢)]ur+10) NV = trim(Fgpost(¢)]pr+1(© NY))
trim({ ¢} NO)NY = trim(J{¢p} NO N D)

(2) G =p(2)
Assume (without loss of gegerality): p(y) « Gi; Ga, !, Gs; _G4 epP
Show: (Fe[p(@)]ur+1(0 : ©)) N ¥ = Fep(@)]pu+1((0: ©) N ¥)

#([0) N O : Fap(@)]ur10) N v
z([0]) NO) NV : (Falp(Z)]pr+10) N

Felp(@)]pr+1((© : ©)N¥)
= Folp(@)Juss (@) : (B0 W) )
= (Jpg.a35 (1 (p(¥)) pz332((ON W) NON W)« (Fa[p(@)]e1(0 N T))
by assumptlon (Felp )]]Mk+1®) NV = (Felp(@)]pe+1(© N T))
hence the question is whether the following holds:
(47,235 (a1 (p(9)) dpz3z([0]) N©) N W
= ( 5.2 35 (11 (p (ﬂ)) zi3(©@NT])Nnenv)

A

(py.z y(MkH(p(@')) 773:(ONY])NO)N Y

ipy y(Fg(FelGilp ipx F(ONnv):A)nenw B
where A { FalGsuk[A if FalGolpr oz g3:(©@NY]) = A
FaolGalpx J,P:z i3z([0NY]) if FolGalur Joz53z((©NY]) =]

F5(FalGilur oz 332([©NV))) NONY) : (Ipgz3g(R) N O N T)

8



Observe that for any F: |pg z3 Ty(
hence: (Jpg z35(FelGilux oz, 535([(9“‘1’]))) nenw
— (B:(FalGilie B(© N W) nONw
— (Be(FolGiu F:(0 N %) N Fx@)) n6nw
(since 13:(0 M) C Fx(O)
which by assumption is equal to:
(B (fG[Gl]],U/k [Bz( )]) ﬂBx(@ N \Ij)) nenw
= (Br(ﬁx(]:G[[Gl]]:uk [\Elr( N Bx(@ﬂ\l’))ﬂ@ﬂ\l’

(since |3z(A N B) = Fz({Fz(4) N B))
= (Bz(FelGilu [Bz(©))) nBz(@N¥)nONY
(since Fz(Fz(4) N3 ( ) = 13z(4) N Bz(B))
(\Elz(fG[[Gl]]/Jk [Bz(@)]) eonv
(since @NW¥ C J;!i( Nw))
= (Ipg,35(FelGilur oz 332([6])) NON ¥

by parallel reasoning:

(py.a35(FelGalpw lpz 30N T])NONT
= (Ipy.a35(Fal Galpr. dpz33z([0]))) n©N T

also by parallel reasoning:

(py.a35(FelGaluw oz 530N T])NONT
= (Ipy.a35(Fal Golpr dpz33z([0]))) nON T

hence if (1p7.735(Fa[Galir dpz332([©NT]))NONT =A: A

and ({pg.235(Fal Gl pr dpz gﬁf([ DHNeNT =& ¢

then A = @

hence ({p5z35(FalGslur [A]) NO N = (Jpya35(Fel Gl [9]) NONT

now say I = { FolGslml®] if FalGolu lpz53:([0]) = @ d
o U FelGau dpz32([O) o FalGalim Ipz53:([0]) = [

then ' = A

hence: J,pz-j’j‘ﬁ ( (fg[[Gl]] f j’([@ N \I’])) A)) nNenw

= py, ﬁy(ﬁij[[Glﬂuk Ipz3z([0]) : T))nenw

hence: (iﬂgf i (k1(p(Y)) i fgﬂ (e))ne)ynw

= (g 35 (11 (p(9)) dpz532(O N V) NONT)

therefore: (Fo[p(2)]ux1(0 : ©)) N ¥ = Folp(@)]uesr (0 : 6) N )

2.2.2 Induction Step G = G1 Gy

Assume: (Fg[Gi]pr41(0 : 0)NVU = FalGi]pr1((© 0)N )
And: (FalGolurs1(© : ©)) N ¥ = FoGolurs1(©:6) N W)
Show: (fg[[Gl, GQ]],U]H_l(G) @)) NY = fg[[Gl, G2]]Mk+1((@ @) N \I/)

(FelGr, Golpi+1(© : ©)) N .
(]:G[[Gz]]ukﬂ(]:GHGﬂ]ukﬂ(@ Q)))ﬂ‘l’
= (FelGlpr+1(Fe[Grlpe+1(© : ©)) NW)

= FalGo]pr1(Fe[Grlpg1((© : ©) N W)

= FelGr, Golp1((© : ) NW)

QED

FolFlux lpz,33z([0]) = Bz(FelFlu 3z((6]))



2.4.2 Lemma 2: Fg[Gu[0] = Fa[Gul® N S¢[G]]

Proof in two stages:
(a) Fe[Glul® N Sc[G]] E FelGuO]
(b) FelGul®] E FelGlule n Sa[a])

(a) by monotonicity of Fg:
[©NnSc[G] E [6] = FelGlulo N SalG]] E FalGlule]

(b) FelGlul®] E FalGIu© N SalG]]
Proof by nested induction on:

L p,
2. structure of G:

1 Base Case: Fg[G]u.[O] C Fa[Gur[®© N Se[G]]

induction on structure of G:

1.1 Two Base Cases: (1) G = post(¢), (2) G = p(Z)

(1) G = post(¢)

Show: Fo[post(#)]1[0] C Falpost(é)]1s1 [0 N S¢lpost(s)]

Falpost(¢)]puL[O] = trim([© N {}])
Falpost(¢)]uL[® N Sepost(d)]]
= trim([© N S [post(¢)] N K{¢}])
= trim ([0 N {o} N {o}])
= trim([© N {4}])

(2) G =p(7)
Show: Fe[p(Z)]pL[0] C Felp(@)]ur[® N Selp(@)])]

1.2 Induction Step: G = Gy, G

Assume: fgﬂGl]],uJ_ [@1] C FG[[Gl]]HJ_[@l N Sg[[Gl]]]

And: Fe[Go]pi[02] C Fa[Golui[0©2 N Se[Ge]]

Show: .Fg[[Gl, GQ]]MJ_[@] C fg[[Gh GQ]]MJ_[("’) N SgﬂGl, GQ]]]

FalGr, Go]pr[O] = Fal Gl (Fal[Gi]pL[O])
by assumption: Fg[Gi]pr[O] E FelGi]pr[© N Se[Gi]]
hence: Fg[Ga]pur (FalGiluL[O]) E FelGolpr (FalGi]url® N Se[Gi]])
by assumption:
FalGolpL(FolGlpr[® N Sa[G]])
C FelGalur (Fe[GilpL[®n Sa[Gi]]) N SalGe])
by Lemma 1: (Fg[Gi]up[© N Se[Gi]]) N Sa[G2]
= Fe[Gi]ur[© N Sa[Gi] N S G2])
hence: .Fg[[GQ}]ML((.Fg[[Gl]];LJ_[@ N Sg[[Gl]]]) N SG[[GQ]])
= FalGlpr(FelGilpL[®N Se[Gi] N SalGe]])

10



= Fal G, Go]u1 [© N Sq[Gr, Go]]
therefore: Fa[Gr, Go]p1[©] C Fg[Gi, G2]ur[© N S Gy, G2]]

2 Induction Step:

Assume: Fo[H]pk[©'] C FolH]ux[® N Sc[H]]
Show: Fo[G]uk+1[0] C Fel Gluk+1[© N Se[G]]
where py1 = Fp[P]uk

induction on structure of G:

2.1 Two Base Cases: (1) G = post(¢), (2) G = p(Z)

(1) G = post(¢)

Show: Fg[post(¢)]ur+1[0] C Felpost(d)]ur1[© N Sapost(¢)]]
where p1 = Fp[P]u

Falpost(d)] ur+1[0] = trim ([0 N {$}])
Falpost()] k1[0 N Salpost(¢)]]
= trim([© N S [post(d)] N {¢}])
mm([@ NKe} nH{et)
trim([© N {$}])

(2) G =p(@)
Assume (without loss of generality): p(9) < Gi; Ga,!, Gs; Gy € P
Show: Fa[p(Z)lpa11[0] E Felp(D)]pr1[0© N Sclp(@)]]
where: py1 = Fp[P]uk
Falp(@)pea[© N Selp(@)]]
= logs mﬂ( (7)) 40273210 N Slp(@1) 1 © N S6p(@)] )
pi+1(p(7)) dpz,532(10 N S [p(@)]]) = By(FelGilpk dpz32(10 N Scp(@)]]) : V)

i_ { FalGa]pw[®] if FalGe]pe pz33z([0 N Sep(Z)]]) =@ : @
FalGalp dpz,33:(10 N Sep(@)]]) if FelGelpw loz,33z([0© N Sclp(@)]]) =[]

now: Sc[p(#)] = lpz.35(Sulp(H)])

(F5(Sc[G1] U SclGe, Gs] U SalGa))

(Sg[[Gl]] U SG[[GQ, Gg]] U Sg[[G4]])

(Sc[G1l) U dpg.235(SclGa, Gs]) U lpg,z35(Scl Gul)

se 3 distributes over U)

Since S(;[[ Z)] is the union of these three components, it is a superset of each of them, hence:

Scp(@)] 2 lpya35(SclGi])

and: S¢[p(Z)] 2 lpg.235(Sc[Ga, Gs])

and: Scp(¥)] 2 loyaTy(Sc1CaD) i

Intersecting each side Wlth © preserves the order, hence: © N Sg[p(Z)] 2 © N pyz35(Sa[Gil)

and: © N S¢[p(7)] 2 © N lpy#35(ScGa, Gs])

and: © N Sg[p(Z)] 2 @m\Lpgj‘Ely(SG[[Gzl]]) B

Again, projecting and renaming both sides in the same way preserves the order, hence: |pz 33z(©N

Selp(®)]) 2 oz 320 N pg Ty (Sl GD)

and: pz ygz(@ N Sg[[p(f)]]) = \Lp:f §3z (@ N ip@’ fﬁ@’(SGﬂG% G3]]))

and: Jpz 332(0 N Sc[p(Z)]) 2 Ipz 5 3: #(© Nlpgz35(Sc[Gal))

Now, since the following holds in general

o Q9

11



F5(I1 N dog.e37(T2)) 2 4oz 3a(T) N T,
performing the same transformation on the above still preserves the order,
hence: lpz 397(© N S [p(D)]) 2 oz 3 732(0) N Se[G1]
and: Jpz 73z(© N Sep(7)]) 2 Ipz s #(©) N Sa[Go, Gs]
=lpz53z(©) N SG[[Gz]] N SalGs]
and: |pz 53z(0 N Sep(7)]) 2 pz332(0©) N Se[Ga]
by monotonicity of F¢, therefore:
FelGilur oz 332([© N Sclp(@)]]) 3 FalGilullpz 332(0) N Sl Gill
by assumption: Fg[G1]px[lpzy F2(©) N Sg[G1]] 2 fg[[Gl]]pk[ipf 732(0)]
hence the following holds of the first part of the sequence
FelGilpk dpz 3320 N Sclp(@)]]) 2 FelGiluk dpz,532(0]
and Similarly fg[[G4]]uk \qu; gai([@ n Sg[[p(_')]]]) -] .Fg[[G4]]Mk[ z 5;( ) N Sg[[G4]]]
by assumption: Fg[ Galpk [loz,532(©) N Sc[Gal] 2 Fol Galprllpz 332(0))
hence the parallel thing holds for the second possibility of the second art of the sequence:
FelGalpk dpz332([© N Scp(@)]]) 2 FelGalpn dpz 332(0)]
As for the first possibility for the second part of the sequence, consider this:
by @onotonicity of Fa:
P & = Fo[Golluk doz,53z([© N Selp(T)]])
3 FelGo]pkllpz,532(0) N Se[Ge] N Se[G3]]
by assumption:
FelGolurllpz 332(0) N SclGo] N Sc[G3]] 2 FelGolurllpz,332(0) N Sc[G3]]
by Lemma 1: Fg[Ge]ur[pz332(0) N Sc[G3]] = FelGalpx[lpz 332(0] N Sc[G3]
hence: ® : & 3 Fg[Gollpk oz 332(0] N S [G3]
now call the part of the sequence we are aiming for here A : A = Fg[Ga] lpz.53z(10))
then: ® : ® J (A : A) N Sg[Ga]
hence: [®] O [AN Sg[Gs]]
hence: Fg[Gs]ux[®] I Fo[Gs]px[A N [Gs]]
by assumption: Fq[Gs]us[A N [Gs]] 2 Fo[Gs]ux[A]
hence: Fa[Gs]px[®] 3 Fa[Gs]pe[A]

These last few lines show that each part of the sequence we are considering is greater than the
sequence we are aiming for. Pulling these together, we arrive at:

By(FalGiluk 1pz,33:(© N Sclp(@)]) : ) 2 By(FelGilur bz 32(10)) : A)

where
i- { FalGs]pn]®] if FolGalpk oz 332([0 N Sep(@)]]) =@ : @
FelGalp Yoz53:(© 0 Sclp(@)]]) if FolGoluw oz 332(1© N Selp(@)1) =
and A:{ FalGslpulA] if FelGalpr lpzg3:([0]) = A: A
FalGalpr dpz373:([0)) if FolGallur lpz53z([0]) = [

therefore: 1u41(p(9)) 4pz,53z(1© N Scp(@)]]) 2 pe+1(p(¥)) dpz532([0))
applying the same renaming and projection to both sides preserves the order:
107,535 (k11 (p(¥)) Yoz,532(0 N Sclp(@)]]) 2 dpga35(ker1(p(¥)) doz,372((O)))

now name these two sequences:

107,535 (k1 (p (7)) doz,532([0 N Sclp(@)]]) =

—

and: J,p~~§| (41 (p(Y)) ngIx([G])) A

and notice the following two facts:
(1) A'N© = Fep(Z)1x+1[0]
(2) 1 56 ()] N © = Falp(@) ks [© N Salp(@)]]

12



then from above we have: A/ C g

hence: AN O C T

by (1) and Theorem 1, therefore: |J(A) N O = J(A’NO) C O N Se[p(7)]
hence: |J(A") C S¢[p(Z)]

therefore for each A’ in A: A’ C S¢[p(Z)]

hence for each A’ in A A’ N Sg[p(2)] = A/

hence: A’ N Selp(@)] = A

hence: A’NO = AN Se[p(@)]NOC VN Se[p(@)]NO

substituting using (2), we therefore arrive at:

Felp(@)]pr+1[0] C Falp(@)]pr+1[0 0 Sap(D)]]

2.2 Induction Step: G = Gy, Go

Assume: Fg[Gi]pr+1[01] C Fa[Gi]pr+1[0©1 N Sa[Gi]]

And: Fe[Go)pk+1(O2] E Fol Go] pr+1[02 N Sa [ Ga]]

Show: ./rg[[Gl, GQ]]Mk+1[@] C fg[[Gl, Gg]]ﬂm.ﬂ@ N Sg[[G1, GQ]]]

FalGr, Go]pr41 (0] = Fa[Galprrr (Fal Grlpr+1[0])
by assumption: F¢[Gi]pke+1[0] E Fe[Gilpe+1[0© N Se[Gi]]
hence: Fa[Ga]prs1(FelGrlpn+1(0]) C FelGollukr1(FalGilur+1[0© N Se[Gi]])
by assumption:
FalGalprr (FelGilpnn[© N SelGil]) E FalGo]pi1 (FalGilpe+1(0 N Se[Gi]]) N Sa[Ga])
by Lemma 1: (FG[[Gl]]Mk-i-l[@ N Sg[[Gl]H) N SG[[GQ]] = fg[[Gl]],LLk+1[@ N Sg[[Gl]] N SG[[GQ]]]
hence: fG[[G2ﬂﬂk+1((FG[[G1]],Uk+1[@ N Sg[[Gl]”) N SgﬂGgﬂ)
= FelGolpurir(FelGilpr+1[0© N Se[Gi] N Se[Ga]))
= Fc[ G, Go]pr+1(0 N Sc[ G, Go]]
therefore: .Fg[[Gl, GQ]]uk_H[@] C fg[[Gl, GQ]]Mk+1[® N Sg[[G1, GQ]]]

Therefore since: (a) Fg[Gu[© N S¢[G]] C Fa[G]uO]
and (b) Fo[Gpl®] C FelGlu® N Sc[G]l,

it follows that: FelGlpl©] = FelGlu© N Se[G]]
QED

2.4.3 Proof of Theorem 2: For © € Con' and stratified P = PyU...UP,: © C Dg[G]op =
[ FalGlup[O] < 1.

First notice that the following things hold:
1HecC(d—=-¥v)=0nNndCV¥
(2) © C muz(®,¥) = (0N S = {false}) vV (O NV = {false})
(3) FalGlud < U6 n Se[a]

for any p constructed by application of Fp[P] to p
(4) V3(0N®) =Vz(0) NV;5(P)
(5) © C lpg zV5(® ) Ipz.35 3z #(©)C e

This holds due to the followmg few lines of reasoning:

O C 3z(0) (since 3 is extensive)

if © C |pgz5(P)

then 3z(0) C Jz(lp7.2V7

7(®))
(by monotonicity f}l) B
then lpz 532(0) C lpz 332(1p5.275(®)) = lpz,7(lo7.275(®))

13



(by monotonicity of |, p)
Ipz, g5,z cancel out and V is reductive, hence:
#532(0) C P
(6) FelG]uO] C Fe[G]u®© : ©)
again for any ;i constructed by application of Fp [P] to uy
(7) ©1 E 02 = |01] < |0

Proof by nested induction on:

L p,

2. structure of G:

1 Base Case: p =

show: © C D¢[G]op = |Fe[Glpr[®] <1

Induction on structure of G-
1.1 Two Base Cases: (1) G = post(¢), (2) G = p(Z)

(1) G = post(6):
Show: © C Dg[post(d)]dp = | Fa[post(d)]u. [0]] < 1

Folpost(d)]uL[0] = trim([1{¢} N ©)])
hence: | F [post(6)]L[€]] = |trim([{¢} N O])] < 1

(2) G =p(@)
Show: © C De[p(y)op = |Falp(#)]nL[O] <1

Falp(urO] = lpgz35(p1 (p(H)) dpz332([0]) N O : ]
pr (p(¥)) dpz.g
hence: Fe[p(y)]p L[@] =
hence: |Fg[p(y

1.2 Induction Step:

G=G,Gy:

Assume: ©1 C Dg[Gi]dp = |Fel[Gi]pr[O1]] <1
And: 65 C 'Dg[[Gz]](sp = |fg[[G2]]/LJ_[@2]| <1
Show: © C D¢[G]op = |Fe[Guo[O]] <1

D¢[Glop = (Se[Ga] — De[Gilép) N (Sc[Gi] — De[Ge]op)

e C 'Dg[[G]](sp =0 C (SG[[Gl]] — Dg[[Gg]](gp) = 0N Sg[[Gl]] - 'Dg[[Gg]](sp
© C D¢[Glép = © C (Sc[Ga] — De[Gi]op) = © N Se[Ge] € De[Gildp
FelGlprLO] = Fel[Glpr[® N SelG]] (by Lemma 2)

FalGluL[® N SelG]] = FelGalpn (FelGi]pL[© N SalGr, G2])

on Sg[[Gl, GQ]] =0nN Sg[[Gl]] N Sg[[Gg]] coen Sg[[Gg]] - Dg[[Gl]]5p
hence by assumption: |Fa[Gi]pr[© N Se[Gi, Go]]| <1

distinguish two cases:

(a) [FelGilpi[© N Se[Gr, Go]]| = 0,

(b) [FelGilp[®N Sc[Gr, Go]ll =1

14



(a) [FelGilpi[® N SelGh, Golll = 0
FelGilp[©nSe[Gr, Goll =[]

FelGlui[®n SelGr, Goll = FelGolpull =11

hence: |Fg[Glpr[©N Sa[Gi, Go]]| <1

by Lemma 2 (remembering G = G, G2): |Fe[G]p O] <1

(b) [FelGilp[®Nn Sc[Gr, Go]ll =1
FelGilp[©N Sc[Gr, Go]] = [¥]
by Theorem 1: | J(Fg[Gi]urL[© N Se[G1, G2]))
coen Sg[[Gl, GQ]] N Sg[[Gl]]
CoONnSelGi]
hence: ¥ C © N Sg[Gi]
hence: ¥ C D[ G2]ép
hence by assumption: |Fg[Ga]uy [¥]] <1
hence (again by Lemma 2): |Fg[Go]pr (Fe[Gi]upr[© N Se[G1, G2]])|
= [FelGlpL[®N Se[Gr, Go]
= |[FelGluLO]l <1

2 Induction Step:

Assume: X C Dg[[H]](Sp = |]:G[[H]]Hk;[X” <1
Show: © C D¢[G]ép = |Fe[Glur+110] <1
where py+1 = Fp[P]pk

Induction on structure of G:
2.1 Two base cases: (1) G = post(¢), (2) G = p(Z)

(1) G = post(¢):
Show: © C D¢ [post(¢)]|dp = |Fapost(d)]ur+1[O]] <1

Felpost(6)]uxs1[0] = trim([{} N ©))
hence: |Fapost(é)]un+1[0]] = [trim([{¢} 1 ©])] < 1

(2) G =p(2)
Assume (without loss of generality): p(J) < Gi; Ga2,!, G3; Gy € P
Show: © C Dg[p(Z)]op = [Felp(@)pr1[O]] <1

Folp(@)]pe+1[0] = bpga3z (e (7)) Joz,532((0]) 0 @(

hence: |Fa[p(7 )]]Mkﬂ[@]l 7235 (1 (P(9)) dpzg 1) N6l = |k (p(F)) pz,332([0))]

:| z,y-% [
and: gy (p(3)) boz532((0)) = Fy(FelGlulprgdz(€) - ¥)
where & — { -7:G|IG3H,U«I€[ ] if FalGo]prlpzg3z((6]) =@ : @
FolGalpwlpz g3z([0]) if FolGalpnlpz33z((0]) =[]

|35 (FelGilmdpz 532([0)) : O)| = | Fa[Gilundoz 532((€)) = ¥
Show © C D¢ [p(Z)]6p = |Fel Gilpdpz 332([6)) : ¥| <1 in two steps:

1 Show that each component cannot be longer than 1:

la Show: © C Dg[[p( )]](5]3 = |.7-"0[[G1]],ukip~ =3z ([ ])’ <1
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1b Show: © C De[p(Z)[op = [Fe[Galurlpz 33z([O))] < 1
1c Show: © C Dgﬂp(f)]] P = ‘]:G[[Gg]],uk[ <1
where Fa[Golu 1pz,53z([0]) = @ : @

2 Show that only one component can be longer than 0;

0 < Delp(@)6p = ~(Fol Gilulpz 310D # 0 A [¥] £ 0)
This is done thus:

2a Show: B

© QSDG[[p(f)MP = (| FalGilurlpz 53z([O])] # 0 A Fal Galprdpz 33z([€])] # 0)

2b Show:

© C Delp(@)]op = ~(1FelCilurloz, %([ DI # 0N | FelGs]px[®]] # 0)
where Fa[Ga]prlpz3z([0]) = @ - @

Delp(2)]6p = lpgz(V5(dp(p(¥))))

ipg 5(Vg(i,v (Dg[[Gl]](;p N (SG[[GQ]] — Dg[[G3H5p) N 'Dg[[Gz;]](Sp NN @2)))

lp7.2Y5

re ©1 = mux(SG[[Gl]] SalGa])
and ©2 = muz(S¢[Gi], Sa[Ge, G3])
(De[Gr]or)
y(Sg[[Gz]] — Da[Gs]ép)
7(Dc[Galdp)
j(muz(Sq[Gi], Sa[G4]))
j(muz(Sa[Gi], Sal G2, G3]))

AT ST ST

la Show: © C 'Dg[[p(f)]](sp :>7|.7-"0[[G1]]uk¢p57g35([®])] <1
© C De[p(@)op = © C lpssV5(De[Gil)op

hence (by (5) stated above): |pz33z(©) € Da[Gi]op
hence by assumption: |fg[[G1]],ukipx 73z([8])] <1

1b Show: © C Dg[[p( )H(SP = ’fG[[G4]]/,Lk\Lpf7g‘Elf([®])| <1
6 C Dalp(7)]dr = © C log 5Dl Gilop)

hence (again by (5) above): Jpz ﬂEI #(©) C Dg[Ga]op
hence by assumption: |.7fg[[G4]],ukip~ Az(O)] <1

lc Show: © C De[p(Z)]op = \IG[[Gs]]Nk[ D=1

where Fg[Go]prlpz33z([0]) = @ :

© C D¢[p(@)]ép = © C lpyz g( [[Gz]] — D[ Gs]ép)

hence (again by (5) above): |pz 73z(©) C (S¢[Gz] — D[ Gs]op)
hence (by (1) stated above) ip 3z(0) N SG[[GQ]] C D¢[Gs]ép

z,j
by Theorem 1: [ J(® : ) = y( FalGs ]]ukipx 2([0])) C lpz332([0]) N S¢[Ga]
therefore (since ® C J(® : @)): @ C lpz 33z([0]) N Sc[G2] € D[ Gs]dp
by assumption: |Fg[Gs]ux[®]| < 1
2a Show:
6 C Dallp(@))or = ~(1FalCilulor 530D # 0 A F[Galiundoz 73=((6])] #0)
6 € Delp(a)l = 6 € byavs(ma(Sclal. SolGiD)
hence (by (5) stated above): lpz 33z(©) € muz(Sc[G1], Sa[Gal)
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hence (by (2) stated above):
(o2 532(0) N 86[Gr] = {false}) V (1pz 732(0) 1 S Gl = {false})
by Theorem L: lpz 732(0) N Se[Gh] = {false} = FalGilpr lpz 3

hence: Jpz,537(© )01 S6lG1l = {fulse} = |FalGaliun Ipz,53z((O)])]
similarly: lp~ i3z #2(©) N Sq[Ga]] = {false} = Fa[Ga]pr *Lpiji 5([@
hence: |pz,53 A©)n SclGal = {false} = |Fo[Galp Jpz53z([0))]
therefore: (|Fo[Gilu Ipz37(O))| = 0) v (| Fe[ Ga] prdpz 53
hence: ~(1FalGrllue 4o 53=(10))| # 0) A (FolGalue 4psy7s

(®

|_.
~—

|| — |l =

(
(

*I\Ho”o
o O
N—

~—
~—

©

]
[©
[©

‘_.
~— —

2b Show: © C D¢[p(Z)]ép = —(|F G
where F¢[Go]pilpz 53z([© ]) o9
e C ’Dg[[p(f)]](sp =0 C ipgg g(mu
hence (again by (5) above): Jpz 73z(©
hence (again by (2) above): B

(o 2(0) 1 8011l = aloe) ¥ (b g35(0) 1 Sl G = e
by Theorem 1: ® C | J(Fa[Ga]uk oz yEI ([8))) C Ipz332(0) N S¢[Ga]
by Theorem 1: (J(Fa[Gs]ur [®]) C
hence: U(Jrg[[Gg]]uk[ ) C Ipz 5 =3 z(© ) N Sa[Ge, Gs]

hence: Jpz 33z(©) N S¢[Ga, Gg]] = {false} = Feo[Gs]pk[®] =[]

hence: Jpz g EI #(0) N S Gy, Gs] = {false} = |Fa[Gs]ur[®]| =0

z(Sc[G1], SclGe, Gs]))
) € mux(Sq[Gi], Sq[Ge, G3])

also (by Theorem 1): lpz 732(0) N Sg[Gh] = {false} = Fa[Gilpk Ipz73

hence: \Lp;;’yﬁf(@) N SGJGﬂ] = {false} = |Fa[Gi] lpiggf([@]” =0
hence:(|F¢[G1]prdpz 332([O])] = 0) V (| Fc[Gs]px [@]] = 0)
hence: ~((|Fa[Gilpe dpz,33z([O))] # 0) V (| Fa[Gs]uk[®]] # 0))

2.2 Induction Step:

G=G1,G2:

Assume: ©1 C Dg[Gi]dp = |Fe[Gi]pr+1[01]] <1
And: 65 C DG[[GQ]](SP = ’.FG[[GQ]]/.LkJrl[@Q” <1
Show: © C Dg[G] = |Fo[Glurn 0] < 1

where pgy1 = Fp[Plu

Dg[[G]]5p = (SG[[GQ]] — 'Dg[[Gl]](Sp) N (Sg[[Gl]] — DG[[GQ]](SP)
therefore if © C D[G]op
then © C (Sg[G1] — Dg[G2]dp)
and hence © N S¢[G1] C D [G2]dp
similarly if © C D¢[G]dp
then © - (Sg[[GQ]] — 'Dg[[Glﬂ(SP)
and hence © N S¢[Ga] € De[Gi]dp
by Lemma 2: Fg[G]ur+1[0] = Fo[Glpr+11© N Sc[G]]
applying the definition of Fg:
FalGlpr[0 N Sc[G]] = FelGalpur (FalGi]pe+110 N Se Gy, G
now notice that: © N S¢[G1, G2]
=6en Sg[[Gl]] N Sg[[GQ]]
CONSq[Ge]
C DglGi]op
hence by assumption: |Fg[G1]ur+1[0© N Se[G1, Go]]| <1
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distinguish two cases:
(a) [FalGilpk+1[© N Se[Gr, Ge]| = 0,
(b) [FelGilprsa[®N SaGr, Go]]| =1

(a) [FelGilprs11© N S Gy, Go]]| =0

FelGilpe1[© N Sa[Gr, Go]] = ]

FelGluk+1[© N Se[Gr, Go]l] = Fel Go] prsal] = |]

hence: |Fg[Glur+1[0 N Se[Gr, Go]]] <1

hence by Lemma 2 (remembering G = Gy, Go): | Fg[Glurs1[O]] <1

(b) [FelGilpa1[©N Se[Gr, Gof]| =1

FalGilpra[®N Se[Gr, Go]] = [V]

therefore: U(]:G[[Gl]],uk—i-l[@ N Sg[[Gl, GQ]]]) =V

by Theorem 1: ¥ C O N Sg[[G1, GQ]] N Sg[[G1]] coen SGHGﬂ]

hence since © N S¢[G1] € D[ Ga]dp (see above): ¥ C Dg[Ga]dp

hence by assumption: |Fg[Ga]pr+1[¥]] <1

hence (again using Lemma 2): |Fo[G2]pr+1(Fa[Gilpr+1[© N Sa[Gr, G2]])|
= |Fe[Glurs1[© N Sc[Gr, Go]]|
| FelGlu[O]] < 1

QED

2.5 Abstraction Proofs
2.5.1 Proposition 1: If ©; C vz(fi) and vz(f1) € O then vz(fi = fo) C 01 — Oy

vz(fi = )

=Ulz() | fEALA= A
=U{O | az(©) F A = fo}
=U{O | (2z(©) E f) = (az(0) = f2)}
=U{e [ (© Cvz(f)) = (© CHz(fR))}
CU{el(®@co)=(6Cy)}
=U{® (6 CO1N6y) V(0L 61}

= {010 C(01NO2) U (Con\ O1)}
—U{®|@ﬂ®1§@2}
:@1—>@2

2.5.2 Proposition 2: vz(muz$ (07, 09%)) C muz(01,02)

Proof:

First notice that by the definition of the Galois connection (i.e. of () and «() the following:
vz(muzg (OPK 00K)) C muz (01, 02)

is equivalent to: az(¥) = muzg (OPK, 00%) — ¥ C muz (01, 0,)

Now: az(¥) | muzd(©PX, ©PK) iff for each clause in az(¥) there is a clause in muzg (OPX, ©DK)
that is entailed by it, ie:
Vip € WY C wars(Z).(V0, € OPK v, € 0DK
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Gy (01) ATy (82) = false) A ax($) A V)
Since muxg(@fK , ©PK) contains only positive (ie non-negated) literals, only the positive literals
entailed by az(v) are relevant.
Now, the positive literals entailed by az(1)) are exactly vars(Z) N fix(v).
Therefore: ¢ € vz(muzg (OPK, ©DK))
iff 3Y C (vars(Z) N fiz (). (V0 € OPK ¥, € OPK (3 (61) ATy (02) = false))

Now observe that the following three things hold:

(1) Vo € @3¢/ € 27K (6 |= )

(2) ((h = £) A (o b= ) A (A J§ = false)) = fi A o = false

(3) 6 = &' — Iy (@) = 3y () R

Therefore from V0] € OPK vo, € DK (3y(0]) ATy (0,) = false)

it follows: V6, € ©1.¥y € O5.(3y (01) A Iy (02) = false)

And thus: 3y (01) N3y (O2) = {false}

Hence the following entailment holds:

Yo.(3Y C (vars(Z) N fiz(¥)).(V0; € OPK Vo, € OPK (3y (1) ATy (02) = false))

= _ _

Y C fix(¢).(3y (©1) NIy (O2) = {false}))
Therefore: Vo.(¢ € vz(muz (OPK 00K)) — ¢ € muz(01,07))
From which it follows: yz(muzg(OP%, 0PK)) C muz(©1,02)

2.6 Theorem 3: Vi € N : 7,450 (DE[G]07) € De[G]0; where §7/0; are the results
of i applications of D}[P]/Dp[P] to 6%/dt respectively.

Proof by nested induction on:
1. 4,
2. the structure of G:

notice first that: Yvars(z) (p%j\v/;(f)) - pﬂ,fvg(’)/vars(@') (f))
1 Base Case: i =0

of = 0%

do = 0T

Show: Yvars(Q) (D%[[G]](sgr) C DGIIG]](sT

Induction on structure of G:

1.1 Two base cases: (1) G = post(¢), (2) G = p(Z)
(1) G = post(¢)

Yvars(¢) (Doé [[pOSt((b)]](s?Iﬁ)

= 'quars(d))(true)

= {true}

= Dg[post(¢)]oT

hence: Yvars(¢) (,D%’[[po‘%(¢)]]59|£) - DGHPOSt((b)]](ST

N
ks
<l
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<
<UL 8
—~
2
S
=)
3
»
~
<y
N
—
~
3
<
3
SN—r
S—
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55 ({true})
= Do [p(7)]or

1.2 Induction step: G = G1, G
Assume: ’YUars(Gl/g)(DaG[[Gl/Q]]é%) - DG[[GI/2]]5T

/yvars(Gl,Gz)(DaG[[Gh GQ]](S%)

= VUars(Gl,Gz)((Sg[[GQ]] = D%HGl]]égF) N (SgHGlﬂ = D%[[GQ]]é%))

- 'Y'Uars(Gl,Gg)(Sg[[GZ]] = ,D%’[[Gl]]é?lﬁ) N 'Y'uars(Gl,Gg)(Sg‘[[Gl]] = D%’[[Gﬂ]é%)
(by monotonicity i.e. 7UaT‘S(G1,G2)(f1 /\f2) C 7vars(G1,G2)(fi))

C (S¢Ga] = De[Gi]or) N (Se[Gi] = D[ Ga]oT)
(by Proposition 1 and Proposition 3 and the induction assumption)

=D¢c[Gr, Go]oT

2 Induction step: 1 = k + 1

Assume: Yyqrs(@) (D%[[G]]ég) C D¢ G
Show: Yvars(Q) ( [[G]]5k+1) - DG’[[GH(SkJrl
where d;11 = DP[[P]]5k and 63, = DR[P]o3

Induction on structure of G:

2.1 Two base cases: (1) G = post(¢), (2) G = p(Z)
(1) G = post(9)

Yvars($) (Doé [[pOSt(¢)]]5]?+l)

= 7vars(¢)(true)

= {true}

= Dg[post(¢)]dk+1

hence: Yoars(e) (D2 [post(6)]6%) € D [post(¢)]o7

(2) G =p(7)
Assume (without loss of generality): p(§) < Gi; Ga2,!, G3; G4 € P

Voars(z) (D& [P(Z)]07 1)
= Yoars(z) (0§ 2 (%‘(DGHP( N]0%41)))
o (VG (VH(DEG]oF A (S8 Go] = DE[Gs]67) A DE[Cul by
vars(7) (SDK[[Gl]]a SEEIGA])
A muzs, o (SEEIG], SEX[Ga, Ga])))))
= Yoars(#) (P52 (V5 (DELGISF A (SE[Ga] = DE[Gs]67) A DE[GCal by
A muzg, o (SEFIG], SR [Ga)
A muzg, o (SEEIG], SR [ G2, Gs]))))
C 05,595 (Voars(3) (DEI G116 A (S2[Ga] = DE[Gs]65) A DE[Ga] oy
A muzg, o (SEFIG], SR [Ga)
A muzsy, o (SEFIG], SEX[Ga, Ga])))
P5,aV5 (%ars(y)(DG[[Gl]]fs ) N (Yoars () (SE1G2]) = Yoars (i) (PENG3107)) N Yvars () (PG Ga]0F)
n %ars(y)(m“%am(y)(SGDK[[Glﬂ, SEEIGD))
O Yvars(7 )(muxmm(y)(SgK[[Gﬂ],SgK[[GQ, Gs])))

IY'UU,’I’S !17 ( y
A mux
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- pngg('Dg[[Gl]](sk N (Sg[[GQ]] — DG[[GE}]](S}C) N Dg[[G4]](5k
N muz(Se[Gi], Sa[Gi])
N mua:(Sg[[Gl]], SG[[GQ, Gg]]))

= D¢ [p(Z)]6k+1

2.2 Induction step: G = G1, Go

Assume: Vvars(Gl/g)(DaG[[Gl/Q]]) - DG[[Gl/2]]

again, notice that: (1) A C B = vp(f) C va(f)

and: vars(Gy, G2) = vars(Gy) U vars(Ga)

and hence: (2!) vars(Gy) C vars(Gy, Go)

and similarly: (22) vars(Gs) C vars(Gy, Go)
’Yvars(GhG’z)(D%[[Gl? GQ]]5?+1)

= ’Yvars(G’l,Gz)((Sg‘[[GQ]] = D%‘[[Gl]]é?—i-l) A (Sg’[[Gl]] = ID%[[GE]](S?—FI))

€ Yoars(G1,6) ((SG[G2] = DEIGLI0FL 1)) N Vears(ar,60) (SGGL] = D[ G2]d5 )
(by monotonicity i.e. ’Yvars(Gl,Gg)(fl A f2) - 7Uars(G1,G2)(ﬁ))

- Vvars(Gl,Gg)(Sg‘[[GZ]]) — ’Yvars(Gl,Gb)(D%[[Gl]]é?+1)m7vars(G1,G2)(SgHGlﬂ) — 7vars(G1,G2)(DoGt’[[G2]]5]?+1)
(by Proposition 1 and Proposition 3 and the induction assumption)

- ’Yvars(Gg)(Sg[[GQ]]) — FYvars(G’l)(D%[[Gl]](s?_s_l) N 7vars(G1)(Sg’[[Gl]]) — Yvars(Go) (D%HGQH5?+1)
(by (1), (2') and (22) above)

C Sg[Ga] = D[ G1]ok+1 N Se[Gi] — Da[Ga]dk+1

= D¢ [G1, Ga]0k+1

QED
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