Contents

Preface iii

Introduction 1

1 Introduction to Logic 7 1.1 Propositional Logic . . . . . . . . . . . . . . . . . . . . . . . 8 1.2 Predicate Logic . . . . . . . . . . . . . . . . . . . . . . . . . 16 1.2.1 Variables and substitution . . . . . . . . . . . . . . . 18 1.2.2 Quantifier rules . . . . . . . . . . . . . . . . . . . . . 21 1.2.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . 24 2 Functional Programming and λ-Calculi 29 2.1 Functional Programming . . . . . . . . . . . . . . . . . . . . 30 2.2 The untyped λ-calculus . . . . . . . . . . . . . . . . . . . . 32 2.3 Evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 2.4 Convertibility . . . . . . . . . . . . . . . . . . . . . . . . . . 40 2.5 Expressiveness . . . . . . . . . . . . . . . . . . . . . . . . . 41 2.6 Typed λ-calculus . . . . . . . . . . . . . . . . . . . . . . . . 42 2.7 Strong normalisation . . . . . . . . . . . . . . . . . . . . . . 46 2.8 Further type constructors: the product . . . . . . . . . . . . 51 2.9 Base Types: Natural Numbers . . . . . . . . . . . . . . . . 53 2.10 General Recursion . . . . . . . . . . . . . . . . . . . . . . . 55 2.11 Evaluation revisited . . . . . . . . . . . . . . . . . . . . . . 56

3 Constructive Mathematics 59

4 Introduction to Type Theory 67 4.1 Propositional Logic: an Informal View . . . . . . . . . . . . 69 4.2 Judgements, Proofs and Derivations . . . . . . . . . . . . . 71 4.3 The Rules for Propositional Calculus . . . . . . . . . . . . . 73 vii

4.4 The Curry Howard Isomorphism . . . . . . . . . . . . . . . 78 4.5 Some examples . . . . . . . . . . . . . . . . . . . . . . . . . 83 4.5.1 The identity function; A implies itself . . . . . . . . 83 4.5.2 The transitivity of implication; function composition 83 4.5.3 Different proofs. . . . . . . . . . . . . . . . . . . . . . 84 4.5.4 . . . and different derivations . . . . . . . . . . . . . . 85 4.5.5 Conjunction and disjunction . . . . . . . . . . . . . 86 4.6 Quantifiers . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 4.6.1 Some example proofs . . . . . . . . . . . . . . . . . . 92 4.7 Base Types . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 4.7.1 Booleans . . . . . . . . . . . . . . . . . . . . . . . . 96 4.7.2 Finite types . . . . . . . . . . . . . . . . . . . . . . . 98 4.7.3 ⊤ and ⊥ . . . . . . . . . . . . . . . . . . . . . . . . . 99 4.8 The natural numbers . . . . . . . . . . . . . . . . . . . . . . 100 4.9 Well-founded types — trees . . . . . . . . . . . . . . . . . . 105 4.10 Equality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 4.10.1 Equality over base types . . . . . . . . . . . . . . . . 113 4.10.2 Inequalities . . . . . . . . . . . . . . . . . . . . . . . 114 4.10.3 Dependent Types . . . . . . . . . . . . . . . . . . . . 114 4.10.4 Equality over the I-types . . . . . . . . . . . . . . . 116 4.11 Convertibility . . . . . . . . . . . . . . . . . . . . . . . . . . 117 4.11.1 Definitions; convertibility and equality . . . . . . . . 117 4.11.2 An example – Adding one . . . . . . . . . . . . . . . 119 4.11.3 An example – natural number equality . . . . . . . . 121

5 Exploring Type Theory 125 5.1 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . 126 5.2 Naming and abbreviations . . . . . . . . . . . . . . . . . . . 130 5.2.1 Naming . . . . . . . . . . . . . . . . . . . . . . . . . 131 5.2.2 Abbreviations . . . . . . . . . . . . . . . . . . . . . . 132 5.3 Revising the rules . . . . . . . . . . . . . . . . . . . . . . . . 133 5.3.1 Variable binding operators and disjunction . . . . . 133 5.3.2 Generalising ∨ . . . . . . . . . . . . . . . . . . . . . 135 5.3.3 The Existential Quantifier . . . . . . . . . . . . . . . 136 5.4 Derivability . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 5.4.1 A is a type is derivable from a : A . . . . . . . . . . . 140 5.4.2 Unique types . . . . . . . . . . . . . . . . . . . . . . 142 5.5 Computation . . . . . . . . . . . . . . . . . . . . . . . . . . 143 5.5.1 Reduction . . . . . . . . . . . . . . . . . . . . . . . . 144 5.5.2 The system T T^∗_0 . . . . . . . . . . . . . . . . . . . . 146 5.5.3 Combinators and the system T T^c_0 . . . . . . . . . . . 148 5.6 T T^c_0 : Normalisation and its corollaries . . . . . . . . . . . . 153

5.6.1 Polymorphism and Monomorphism . . . . . . . . . . 162 5.7 Equalities and Identities . . . . . . . . . . . . . . . . . . . . 163 5.7.1 Definitional equality . . . . . . . . . . . . . . . . . . 163 5.7.2 Convertibility . . . . . . . . . . . . . . . . . . . . . . 163 5.7.3 Identity; the I type . . . . . . . . . . . . . . . . . . . 164 5.7.4 Equality functions . . . . . . . . . . . . . . . . . . . 165 5.7.5 Characterising equality . . . . . . . . . . . . . . . . 166 5.8 Different Equalities . . . . . . . . . . . . . . . . . . . . . . . 167 5.8.1 A functional programming perspective . . . . . . . . 167 5.8.2 Extensional Equality . . . . . . . . . . . . . . . . . . 168 5.8.3 Defining Extensional Equality in T T_0 . . . . . . . . 170 5.9 Universes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173 5.9.1 Type families . . . . . . . . . . . . . . . . . . . . . . 175 5.9.2 Quantifying over universes . . . . . . . . . . . . . . . 176 5.9.3 Closure axioms . . . . . . . . . . . . . . . . . . . . . 177 5.9.4 Extensions . . . . . . . . . . . . . . . . . . . . . . . 178 5.10 Well-founded types . . . . . . . . . . . . . . . . . . . . . . . 178 5.10.1 Lists . . . . . . . . . . . . . . . . . . . . . . . . . . . 178 5.10.2 The general case - the W type. . . . . . . . . . . . . 180 5.10.3 Algebraic types in Miranda . . . . . . . . . . . . . . 186 5.11 Expressibility . . . . . . . . . . . . . . . . . . . . . . . . . . 188 5.12 The Curry Howard Isomorphism? . . . . . . . . . . . . . . . 190 5.12.1 Assumptions . . . . . . . . . . . . . . . . . . . . . . 190 5.12.2 Normal Forms of Proofs . . . . . . . . . . . . . . . . 191

6 Applying Type Theory 193 6.1 Recursion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194 6.1.1 Numerical functions . . . . . . . . . . . . . . . . . . 195 6.1.2 Defining propositions and types by recursion . . . . 198 6.1.3 Recursion over lists – 1 . . . . . . . . . . . . . . . . 200 6.1.4 Recursion over lists – 2 . . . . . . . . . . . . . . . . 203 6.2 A Case Study – Quicksort . . . . . . . . . . . . . . . . . . . 205 6.2.1 Defining the function . . . . . . . . . . . . . . . . . . 205 6.2.2 Verifying the function . . . . . . . . . . . . . . . . . 207 6.3 Dependent types and quantifiers . . . . . . . . . . . . . . . 212 6.3.1 Dependent Types . . . . . . . . . . . . . . . . . . . . 212 6.3.2 The Existential Quantifier . . . . . . . . . . . . . . . 214 6.3.3 The Universal Quantifier . . . . . . . . . . . . . . . 215 6.3.4 Implementing a logic . . . . . . . . . . . . . . . . . . 215 6.3.5 Quantification and Universes – ∀ . . . . . . . . . . . 218 6.3.6 Quantification and Universes – ∃ . . . . . . . . . . . 221 6.4 A Case Study – Vectors . . . . . . . . . . . . . . . . . . . . 224

6.4.1 Finite Types Revisited . . . . . . . . . . . . . . . . . 224 6.4.2 Vectors . . . . . . . . . . . . . . . . . . . . . . . . . 226 6.5 Proof Extraction; Top-Down Proof . . . . . . . . . . . . . . 228 6.5.1 Propositional Logic . . . . . . . . . . . . . . . . . . . 228 6.5.2 Predicate Logic . . . . . . . . . . . . . . . . . . . . . 230 6.5.3 Natural Numbers . . . . . . . . . . . . . . . . . . . . 231 6.6 Program Development – Polish National Flag . . . . . . . . 232 6.7 Program Transformation . . . . . . . . . . . . . . . . . . . . 236 6.7.1 map and fold . . . . . . . . . . . . . . . . . . . . . . 237 6.7.2 The Algorithm . . . . . . . . . . . . . . . . . . . . . 241 6.7.3 The Transformation . . . . . . . . . . . . . . . . . . 242 6.8 Imperative Programming . . . . . . . . . . . . . . . . . . . 245 6.9 Examples in the literature . . . . . . . . . . . . . . . . . . . 247 6.9.1 Martin-Löf . . . . . . . . . . . . . . . . . . . . . . . 248 6.9.2 Goteborg . . . . . . . . . . . . . . . . . . . . . . . . 248 6.9.3 Backhouse et al. . . . . . . . . . . . . . . . . . . . . 248 6.9.4 Nuprl . . . . . . . . . . . . . . . . . . . . . . . . . . 249 6.9.5 Calculus of Constructions . . . . . . . . . . . . . . . 249

7 Augmenting Type Theory 251 7.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . 253 7.1.1 What is a specification? . . . . . . . . . . . . . . . . 254 7.1.2 Computational Irrelevance; Lazy Evaluation . . . . . 256 7.2 The subset type . . . . . . . . . . . . . . . . . . . . . . . . . 259 7.2.1 The extensional theory . . . . . . . . . . . . . . . . . 262 7.3 Propositions not types . . . . . . . . . . . . . . . . . . . . . 263 7.3.1 ‘Squash’ types . . . . . . . . . . . . . . . . . . . . . 263 7.3.2 The subset theory . . . . . . . . . . . . . . . . . . . 264 7.3.3 Gödel Interpretation . . . . . . . . . . . . . . . . . . 266 7.4 Are subsets necessary? . . . . . . . . . . . . . . . . . . . . . 266 7.5 Quotient or Congruence Types . . . . . . . . . . . . . . . . 271 7.5.1 Congruence types . . . . . . . . . . . . . . . . . . . . 274 7.6 Case Study – The Real Numbers . . . . . . . . . . . . . . . 276 7.7 Strengthened rules; polymorphism . . . . . . . . . . . . . . 279 7.7.1 An Example . . . . . . . . . . . . . . . . . . . . . . 279 7.7.2 Strong and Hypothetical Rules . . . . . . . . . . . . 281 7.7.3 Polymorphic types . . . . . . . . . . . . . . . . . . . 282 7.7.4 Non-termination . . . . . . . . . . . . . . . . . . . . 283 7.8 Well-founded recursion . . . . . . . . . . . . . . . . . . . . . 284 7.9 Well-founded recursion in type theory . . . . . . . . . . . . 290 7.9.1 Constructing Recursion Operators . . . . . . . . . . 290 7.9.2 The Accessible Elements . . . . . . . . . . . . . . . . 294

7.9.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . 296 7.10 Inductive types . . . . . . . . . . . . . . . . . . . . . . . . . 296 7.10.1 Inductive definitions . . . . . . . . . . . . . . . . . . 296 7.10.2 Inductive definitions in type theory . . . . . . . . . . 299 7.11 Co-inductions . . . . . . . . . . . . . . . . . . . . . . . . . . 301 7.11.1 Streams . . . . . . . . . . . . . . . . . . . . . . . . . 306 7.12 Partial Objects and Types . . . . . . . . . . . . . . . . . . . 307 7.13 Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 308 8 Foundations 313 8.1 Proof Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 313 8.1.1 Intuitionistic Arithmetic . . . . . . . . . . . . . . . . 314 8.1.2 Realizability . . . . . . . . . . . . . . . . . . . . . . 317 8.1.3 Existential Elimination . . . . . . . . . . . . . . . . 319 8.2 Model Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 319 8.2.1 Term Models . . . . . . . . . . . . . . . . . . . . . . 320 8.2.2 Type-free interpretations . . . . . . . . . . . . . . . 321 8.2.3 An Inductive Definition . . . . . . . . . . . . . . . . 321 8.3 A General Framework for Logics . . . . . . . . . . . . . . . 322 8.4 The Inversion Principle . . . . . . . . . . . . . . . . . . . . 324

9 Conclusions 329 9.1 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . 329 9.1.1 The Nurpl System . . . . . . . . . . . . . . . . . . . 329 9.1.2 TK: A theory of types and kinds . . . . . . . . . . . 330 9.1.3 PX: A Computational Logic . . . . . . . . . . . . . . 331 9.1.4 AUTOMATH . . . . . . . . . . . . . . . . . . . . . . 332 9.1.5 Type Theories . . . . . . . . . . . . . . . . . . . . . 333 9.2 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . 335

Bibliography 337

Rule Tables 358 xii CONTENTS

Introduction

Types are types and propositions are propositions; types come from programming languages, and propositions from logic, and they seem to have no relation to each other. We shall see that if we make certain assumptions about both logic and programming, then we can define a system which is simultaneously a logic and a programming language, and in which propositions and types are identical. This is the system of constructive type theory, based primarily on the work of the Swedish logician and philosopher, Per Martin-Löf. In this introduction we examine the background in both logic and computing before going on to look at constructive type theory and its applications. We conclude with an overview of the book proper.

Correct Programming

The problem of correctness is ever-present in computing: a program is written with a particular specification in view and run on the assumption that it meets that specification. As is all too familiar, this assumption is unjustified: in most cases the program does not perform as it should. How should the problem be tackled? Testing cannot ensure the absence of errors; only a formal proof of correctness can guarantee that a program meets its specification. If we take a naïve view of this process, we develop the program and then, post hoc, give a proof that it meets a specification. If we do this the possibility exists that the program developed doesn’t perform as it ought; we should instead try to develop the program in such a way that it must behave according to specification.

A useful analogy here is with the types in a programming language. If we use a typed language, we are prevented by the rules of syntax from forming an expression which will lead to a type error when the program is executed. We could prove that a similar program in an untyped language shares this property, but we would have to do this for each program developed, whilst in the typed language it is guaranteed in every case. 1

Our aim, then, is to design a language in which correctness is guaranteed. We look in particular for a functional programming language with this property, as semantically the properties of these languages are the most straightforward, with a program simply being a value of a particular explicit type, rather than a state transformer.

How will the new language differ from the languages with which we are familiar?

• The type system will have to be more powerful. This is because we will express a specification by means of a statement of the form p : P which is how we write ‘the value p has the type P ’. The language of types in current programming languages can express the domain and range of a function, say, but cannot express the constraint that for every input value (of numeric type), the result is the positive square root of the value.

• If the language allows general recursion, then every type contains at least one value, defined by the equation x = x. This mirrors the observation that a non-terminating program meets every specification if we are only concerned with partial correctness. If we require total correctness we will need to design a language which only permits the definition of total functions and fully-defined objects. At the same time we must make sure that the language is expressive enough to be usable practically.

To summarise, from the programming side, we are interested in developing a language in which correctness is guaranteed just as type-correctness is guaranteed in most contemporary languages. In particular, we are looking for a system of types within which we can express logical specifications.

Constructive Logic

Classical logic is accepted as the standard foundation of mathematics. At its basis is a truth-functional semantics which asserts that every proposition is true or false, so making valid assertions like A ∨ ¬A, ¬¬A ⇒ A and ¬∀x.¬P (x) ⇒ ∃x.P (x) which can be given the gloss

If it is contradictory for no object x to have the property P (x), then there is an object x with the property P (x)

This is a principle of indirect proof, which has formed a cornerstone of modern mathematics since it was first used by Hilbert in his proof of the Basis Theorem about one hundred years ago. The problem with the principle is that it asserts the existence of an object without giving any indication of what the object is. It is a non-constructive method of proof, in other words. We can give a different, constructive, rendering of mathematics, based on the work of Brouwer, Heyting, Bishop and many others, in which every statement has computational content; in the light of the discussion above it is necessary to reject classical logic and to look for modes of reasoning which permit only constructive derivations.

To explain exactly what can be derived constructively, we take a different foundational perspective. Instead of giving a classical, truth-functional, explanation of what is valid, we will explain what it means for a particular object p to be a proof of the proposition P . Our logic is proof-functional rather than truth-functional.

The crucial explanation is for the existential quantifier. An assertion that ∃z.P (z) can only be deduced if we can produce an a with the property P (a). A proof of ∃z.P (z) will therefore be a pair, (a, p), consisting of an object a and a proof that a does in fact have the property P . A universal statement ∀z.Q(z) can be deduced only if there is a function taking any object a to a proof that Q(a). If we put these two explanations together, a constructive proof of the statement ∀x.∃y.R(x, y) can be seen to require that there is a function, f say, taking any a to a value so that R(a, f a) Here we see that a constructive proof has computational content, in the shape of a function which gives an explicit witness value f a for each a.

The other proof conditions are as follows. A proof of the conjunction A ∧ B can be seen as a pair of proofs, (p, q), with p a proof of A and q of B. A proof of the implication A ⇒ B can be seen as a proof transformation: given a proof of A, we can produce a proof of B from it. A proof of the disjunction A ∨ B is either a proof of A or a proof of B, together with an indication of which (A or B). The negation ¬A is defined to be the implication A ⇒ ⊥, where ⊥ is the absurd or false proposition, which has no proof but from which we can infer anything. A proof of ¬A is thus a function taking a proof of A to a proof of absurdity.

Given these explanations, it is easy to see that the law of the excluded middle will not be valid, as for a general A we cannot say that either A or ¬A is provable. Similarly, the law of indirect proof will not be valid.

Having given the background from both computing and logic, we turn to examining the link between the two.

The Curry Howard Isomorphism

The central theme of this book is that we can see propositions and types as the same, the propositions-as-types notion, also known as the Curry Howard isomorphism, after two of the (many) logicians who observed the correspondence.

We have seen that for our constructive logic, validity is explained by describing the circumstances under which ‘p is a proof of the proposition P ’. To see P as a type, we think of it as the type of its proofs. It is then apparent that familiar constructs in logic and programming correspond to each other. We shall write p : P to mean, interchangeably, ‘p is of type P ’ and ‘p is a proof of proposition P ’.

The proofs of A ∧ B are pairs (a, b) with a from A and b from B — the conjunction forms the Cartesian product of the propositions as types. Proofs of A ⇒ B are functions from A to B, which is lucky as we use the same notation for implication and the function space. The type A ∨ B is the disjoint union or sum of the types A and B, the absurd proposition, ⊥, which has no proofs, is the empty type, and so on.

The correspondence works in the other direction too, though it is slightly more artificial. We can see the type of natural numbers N as expressing the proposition ‘there are natural numbers’, which has the (constructive!) proofs 0, 1, 2, . . ..

One elegant aspect of the system is in the characterisation of inductive types like the natural numbers and lists. Functional programmers will be familiar with the idea that functions defined by recursion have their properties proved by induction; in this system the principles of induction and recursion are identical.

The dual view of the system as a logic and a programming language can enrich both aspects. As a logic, we can see that all the facilities of a functional programming language are at our disposal in defining functions which witness certain properties and so forth. As a programming language, we gain various novel features, and in particular the quantified types give us dependent function and sum types. The dependent function space (∀x : A) . B(x) generalises the standard function space, as the type of the result B(a) depends on the value a : A. This kind of dependence is usually not available in type systems. One example of its use is in defining array operations parametrised on the dimension of the array, rather than on the type of the array elements. Dependent sum types (∃x : A) . B(x) can be used to represent modules and abstract data types amongst other things.

More radically, we have the possibility of combining verification and programming, as types can be used to represent propositions. As an example consider the existential type again. We can think of the elements of (∃x : A) . B(x) as objects a of type A with the logical property B(a), witnessed by the proof b : B(a). We can give a third interpretation to p : P , in the case that P is an existential proposition: (a, b) : (∃x : A) . B(x) can be read thus:

a of type A meets the specification B(x), as proved by b : B(a)

This fulfills the promise made in the introduction to logic that we would give a system of types strong enough to express specifications. In our case the logic is an extension of many-sorted, first-order predicate logic, which is certainly sufficient to express all practical requirements. The system here integrates the process of program development and proof: to show that a program meets a specification we provide the program/proof pair.

As an aside, note that it is misleading to read p : P as saying ‘p meets specification P ’ when P is an arbitrary proposition, an interpretation which seems to be suggested by much of the literature on type theory. This is because such statements include simple typings like plus : N ⇒ N ⇒ N in which case the right-hand side is a woeful under-specification of addition! The specification statement is an existential proposition, and objects of that type include an explicit witness to the object having the required property: in other words we can only state that a program meets its specification when we have a proof of correctness for it.

We mentioned that one motivation for re-interpreting mathematics in a constructive form was to extract algorithms from proofs. A proof of a statement like ∀x. ∃y. R(x, y) contains a description of an algorithm taking any x into a y so that R(x, y). The logic we described makes explicit the proof terms. On the other hand it is instead possible to suppress explicit mention of the proof objects, and extract algorithms from more succinct derivations of logical theorems, taking us from proofs to programs. This idea has been used with much success in the Nuprl system developed at Cornell University, and indeed in other projects.

Background

Our exposition of type theory and its applications will make continual reference to the fields of functional programming and constructivism. Separate introductions to these topics are provided by the introduction to chapter 2 and by chapter 3 respectively. The interested reader may care to refer to these now.

Section 9.2 contains some concluding remarks.