
� 11. ORGANIZATION AND USAGEA make�le is provided to 
ompile the 
odes in this pa
kage. After unpa
king thissoftware, simply exe
ute the 
ommandbuildin the main dire
tory MixedVol to generate the exe
utable 
ode \mixedvol".1.1 Call Sequen
e and OutputThe software pa
kage MixedVol is easy to use. To 
al
ulate, for example, the mixedvolume of the support S = (S1;S2;S3), whereS1 = f(0; 0; 0); (1; 0; 0); (0; 1; 0); (0; 0; 1); (1; 1; 1)g;S2 = f(0; 0; 0); (2; 2; 2)g;S3 = f(0; 0; 0); (3; 0; 0); (0; 3; 0); (0; 0; 3)g;a �le should be 
reated to 
ontain the support data in the following format:35240 0 01 0 00 1 00 0 11 1 10 0 02 2 20 0 03 0 00 3 00 0 3The number on the �rst line is the dimension of the support. For this support itis 3. The numbers from line two to line four give the numbers of points in theindividual support S1, S2, and S3. They are 5, 2 and 4 points, respe
tively. Thenext �ve lines 
ontain the points in S1 with ea
h point listed on one line. The twolines after those 
ontain the points in S2. The last four lines are the points in S3.Call this �le MySupport, say, and exe
ute the 
ommandmixedvol -s MySupportIt will produ
e the mixed volume of the support (namely 18) and will output iton s
reen. The 
ag \-s" means the input �le 
onsists of a support. Note that foran n-dimensional support S = (S1; : : : ;Sn), all information about S1; : : : ;Sn mustbe listed in the �le. The algorithm will automati
ally determine the semi-mixedstru
ture of the support when it exists.
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al
ulate, for example, the mixed volume of the following system of 3 poly-nomials in 3 variables,p1(x1; x2; x3) = (x21 + x22 + x23 � 1)(x1 � 0:5)(x2 � x21);p2(x1; x2; x3) = (x21 + x22 + x23 � 1)(x2 � 0:5)(x3 � x31);p3(x1; x2; x3) = (x21 + x22 + x23 � 1)(x3 � 0:5)(x3 � x21)(x2 � x21);a �le should be 
reated �rst to de�ne the polynomials of the system in the followingformat: {(x1^2+x2^2+x3^2-1)*(x1-0.5)*(x2-x1^2);(x1^2+x2^2+x3^2-1)*(x2-0.5)*(x3-x1^3);(x1^2+x2^2+x3^2-1)*(x3-0.5)*(x3-x1^2)*(x2-x1^2);}The �le starts with a \f" and ends with a \g". Ea
h polynomial ends with a \;".Call this �le MyPolynomials, say, and exe
ute the 
ommandmixedvol -p MyPolynomialsIt will produ
e the mixed volume of the polynomial system (namely 119) and willoutput it on s
reen. The 
ag \-p" means the input �le 
onsists of a polynomialsystem.1.2 General Des
ription of the ModulesTo 
al
ulate the mixed volume of a support S = (S1; : : : ;Sn), Si � Zn for i =1; : : : ; n, the main module MixedVolDriver 
alls two modules Pre4MV and Mixed-Vol.The module Pre4MV determines all non-vertex points of ea
h support S1; : : : ;Sn.It permanently removes them from the mixed volume 
omputation be
ause theydon't 
ontribute to the mixed volume of the support, resulting in a smaller support.Then Pre4MV determines the semi-mixed stru
ture of the smaller support and re-arranges the support.From the output of Pre4MV, if the support S has the semi-mixed stru
ture(S(1); : : : ;S(r)) of type (k1; : : : ; kr), i.e., ea
h S(i) is repeated ki times for i =1; : : : ; r, the module MixedVol then 
omputes all mixed 
ells of type (k1; : : : ; kr)by sear
hing through the lower hull of the randomly lifted support (Ŝ(1); : : : ; Ŝ(r)),whereŜ(i) = f(a; !i(a)) j a 2 S(i) and !i(a) is a random real numberg; i = 1; : : : ; r:A mixed 
ell (C1; : : : ; Cr) of type (k1; : : : ; kr), where for ea
h i = 1; : : : ; r, Ci
onsists of ki+1 aÆnely independent points of S(i), is de�ned to have the propertydim(
onv(C1+� � �+Cr)) = dim(
onv(C1))+� � �+dim(
onv(Cr)) = k1+� � �+kr = n:And the mixed volume of the support (S(1); : : : ;S(r)) of type (k1; : : : ; kr) 
an beassembled from the volumes of all the mixed 
ells of type (k1; : : : ; kr) indu
ed by(Ŝ(1); : : : ; Ŝ(r)).



A Software Pa
kage for Mixed Volume Computation � 3To 
al
ulate the mixed volume of the support of a system of n polynomials in nvariables, the main module MixedVolDriver �rst 
alls the module PolynomialSys-temReader, whi
h reads the polynomial system from an input �le and generatesits support. With the support of the polynomial system available, the main mod-ule MixedVolDriver then 
alls the modules Pre4MV and MixedVol to 
al
ulate themixed volume of the polynomial system. The module PolynomialSystemReader isdeveloped in [Li and Li (2001)℄. The mixed 
ells together with the lifting fun
tion! = (!1; : : : ; !r) of the support are 
ru
ial for solving the polynomial system bythe polyhedral homotopy 
ontinuation method.In this release of the pa
kage MixedVol, the module PolynomialSystemReader to-gether with its dependen
ies are grouped into the sub-dire
tory \SRC/PolyReader",the module Pre4MV as well as its dependen
ies are lo
ated in the sub-dire
tory\SRC/PrePro
ess", and the module MixedVol along with its dependen
ies are inthe sub-dire
tory \SRC/MixedVol".REFERENCESLi, T.Y. and Li, X. 2001. Finding mixed 
ells in the mixed volume 
omputation. Foundation ofComput. Math. 1, 161{181. Software pa
kage available at http://www.math.msu.edu/�li.


